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ON SOME DISCRETE MODEL OF THE MAGNETIC
LAPLACIAN
VOLODYMYR SUSHCH
Abstract. We construct some intrinsically defined discrete model of the mag-
netic Laplacian. The existence and uniqueness of solutions of the Dirichlet
problem for the difference Poisson type equation are proved. We study in
detail properties of the discrete model including the limiting process in the
two-dimensional Euclidean case.
1. Introduction
Let (M, g) be a Riemannian manifold with a Riemannian metric (gij) and
dimM = n. Denote Λp(M) the set of all differentiable complex-valued p-forms on
M for each p = 0, 1, ..., n. Note that Λ0(M) is just C∞(M). Denote also Λp(k)(M)
the set of all k-smooth (of the class Ck)complex-valued p-forms on M . We define
a magnetic potential as a real-valued 1-form A ∈ Λ1(1)(M). So in local coordinates
x1, ..., xn it can be written as
A =
n∑
j=1
Ajdx
j ,
where Aj = Aj(x) are real-valued functions of the class C
1.
Let ∗ be the metric adjoint operator (Hodge star operator) ∗ : Λp(M) →
Λn−p(M). Then the invariant inner product of p-forms with compact support
can be defined in a standard way by the relation
(1.1) (ϕ, ψ) =
∫
M
ϕ ∧ ∗ψ,
where the bar over ψ means the complex conjugation and ∧ is the exterior multipli-
cation operation. It is known that using the inner product (1.1) in spaces of smooth
p-forms with compact support we can define the completions of these spaces. We
denote these Hilbert spaces by L2(M) for 0-forms (functions) and by L2Λp(M) for
p-forms, p = 1, ..., n. Let us define the operator
d : L2Λp−1(M)→ L2Λp(M)
as the closure in the L2-norm generated by the inner product (1.1) of the corre-
sponding operator specified on smooth forms, i.e. as a strong extensions of the
differential operator d : Λp−1(M)→ Λp(M). We will need a deformed differential
(1.2) dA : L
2(M)→ L2Λ1(M), ϕ→ dϕ+ iϕA,
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where i =
√−1 and A is the magnetic potential.
The definition of the invariant inner product immediately induces the formal
adjoint operator to the differential operator dA. So we have the operator
δA : L
2Λ1(M)→ L2(M)
giving by the relation
(dAϕ, ω) = (ϕ, δAω), ϕ ∈ L2(M), ω ∈ L2Λ1(M).
Here we assume that one of the forms have compact support. Then we can define
the magnetic Laplacian as follows
(1.3) −∆A ≡ δAdA : L2(M)→ L2(M).
Let us identify the magnetic potential A with the multiplication operation
(1.4) A : L2(M)→ L2Λ1(M), ϕ→ ϕA
(see e.g. [7]). Then the formally adjoint operator δA can be written as follows
(1.5) δAω = (δ − iA∗)ω,
where δ, A∗ are the formal adjoint operators to d and A respectively. Using
(1.2),(1.3), we can rewrite the magnetic Laplacian ∆A as follows
−∆Aϕ = (δ − iA∗)(dϕ+ iAϕ)
= δdϕ− iA∗dϕ+ iδ(Aϕ) +A∗Aϕ
= −∆ϕ− iA∗dϕ+ iδ(Aϕ) +A∗Aϕ.
Operator (1.3) is essentially self-adjoint (see for details [7, Th. 6.1]).
The main purpose of this paper is to construct an intrinsically defined discrete
model of the magnetic Laplacian. Speaking about this discrete model we do not
mean just the corresponding difference operator on a lattice or on graphs but we
mean a discrete analog of the Riemannian structure on some combinatorial object.
We consider discrete forms as certain cochains. We construct discrete analogs of
the exterior multiplication operation, the Hodge star operator, of inner product
(1.1) and the operators (1.2), (1.5).
Our approach bases on the formalism proposed by Dezin [3]. For an account of
other geometric finite-difference approaches to Hodge theory of harmonic forms see
references [1, 4, 6]. The discrete magnetic Laplacian on graphs had been studied in
[2], [5].
In the spirit of [3], [8], [9] we study self-adjointness of the discrete magnetic
Laplacian and we proof that the Dirichlet problem for the discrete Poisson type
equation has a unique solution.
In this paper we consider just the two dimensional Euclidean case. Although sim-
ilar constructions can be carried out in the n-dimensional case, the two-dimensional
discrete model makes it possible to analyze in detail the combinatorial relations and
the limiting process. One of the formal results is the construction of a nonstandard
approximation of the generalized solution of the Poisson type equation for the mag-
netic Laplacian (1.3) under the minimal requirements of smoothness of the right
hand side (is belonged to L2).
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2. Preliminaries on combinatorial structures
We use the schema of discretization due to Dezin [3]. Let {xk}, {ek}, k ∈ Z, be
the sets of basis elements of real linear spaces C0, C1. We will regard the linear
combinations a =
∑
akxk, b =
∑
bkxk, a
k, bk ∈ R, as zero-dimensional and
one-dimensional chains, respectively.
It is convenient to introduce shift operators
τk = k + 1, σk = k − 1
in the set of indices. We define the one-dimensional complex C as the direct sum
C0 ⊕ C1 of the introduced spaces with the following boundary operator
∂xk = 0, ∂ek = xτk − xk, k ∈ Z.
The definition of ∂ is linearly extended to arbitrary chains. We call the complex C
a combinatorial model of the real line. The basis elements xk, ek can be interpreted
as points and intervals connecting the points (i.e. ek = (xk, xτk)) of real line.
We consider the tensor degree C(n) = ⊗n1C of the one-dimensional complex C as
a combinatorial model of Rn. The main object of our study will be a discrete model
of the magnetic Laplacian in the simplest two-dimensional domain. Therefore we
describe the combinatorial relations that are encountered in the two-dimensional
case.
The basis elements of the two-dimensional complex C(2) can be written as follows
xk ⊗ xs = xk,s, ek ⊗ xs = e1k,s,
ek ⊗ es = Vk,s, xk ⊗ es = e2k,s.
The boundary operator ∂ we define as
∂xk,s = 0, ∂e
1
k,s = xτk,s − xk,s, ∂e2k,s = xk,τs − xk,s,
∂Vk,s = e
1
k,s + e
2
τk,s − e1k,τs − e2k,s.(2.1)
Let us introduce an object dual to C(2). Namely, the complex of complex-valued
functions over C(2). The dual complex K(2) we can consider as the set of complex-
valued cochains and it has the same structure as C(2), i.e. K(2) = K⊗K. In other
words, K(2) is a linear complex space with basis elements {xk,s, ek,s1 , ek,s2 , V k,s}.
The pairing (chain-cochain) operation is defined by the rules:
(2.2) < xk,s, x
p,q >=< e1k,s, e
p,q
1 >=< e
2
k,s, e
p,q
2 >=< Vk,s, V
p,q >= δp,qk,s,
where δp,qk,s is Kronecker symbol. We call elements of the complex K(2) forms. Then
the 0-, 1-, 2-forms ϕ, ω = (u, v), η can be written as
(2.3) ϕ =
∑
k,s
ϕk,sx
k,s, ω =
∑
k,s
(uk,se
k,s
1 + vk,se
k,s
2 ), η =
∑
k,s
ηk,sV
k,s,
where ϕk,s, uk,s, vk,s, ηk,s ∈ C for any k, s ∈ Z. The pairing (2.2) is linearly
extended to forms (2.3). The boundary operation ∂ in C(2) (2.1) induces the dual
operation dc in K(2):
(2.4) < ∂a, α >=< a, dcα >,
where a ∈ C(2), α ∈ K(2). The coboundary operator dc is a discrete analog of
the exterior differentiation operator d. We will need the expression for dc over the
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basis elements of C(2):
< e1k,s, d
cϕ >= ϕτk,s − ϕk,s ≡ ∆kϕk,s,
< e2k,s, d
cϕ >= ϕk,τs − ϕk,s ≡ ∆sϕk,s,(2.5)
< Vk,s, d
cω >= vτk,s − vk,s − uk,τs + uk,s ≡ ∆kvk,s −∆suk,s.
We define the multiplication ∪ in K(2) by the rules:
xk,s ∪ xk,s = xk,s, ek,s2 ∪ ek,τs1 = −V k,s,
xk,s ∪ ek,s1 = ek,s1 ∪ xτk,s = ek,s1 , xk,s ∪ ek,s2 = ek,s2 ∪ xk,τs = ek,s2 ,(2.6)
xk,s ∪ V k,s = V k,s ∪ xτk,τs = ek,s1 ∪ eτk,s2 = V k,s,
supposing the product to be zero in all other cases. To forms (2.3) the ∪-multi-
plication can be extended linearly. For arbitrary forms α, β ∈ K(2) we have (see
[3, p. 147]) the relation
(2.7) dc(α ∪ β) = dcα ∪ β + (−1)rα ∪ dcβ,
where r is the dimension of the form α. So the ∪-multiplication is an analog of the
exterior multiplication ∧ for differential forms.
Let εk,s be an arbitrary basis elements ofK(2). We introduce the ”star” operator
setting
(2.8) εk,s ∪ ∗εk,s = V k,s.
Using (2.6), we have
∗xk,s = V k,s, ∗ek,s1 = eτk,s2 , ∗ek,s2 = −ek,τs1 , ∗V k,s = xτk,τs.
The operator ∗ is extended to arbitrary forms by linearity.
Let now
(2.9) V =
∑
k,s
Vk,s, k = 1, 2, ..., N, s = 1, 2, ...,M
is some fixed ”domain”, namely, a set of 2-dimensional basis elements of C(2). Then
the relation
(2.10) (α, β)V =< V, α ∪ ∗β >
gives a correct definition of the inner product for forms of the same degree (cf.
(1.1)). For forms of different degree the product (2.10) is equal to zero. Using
(2.6)–(2.9), we obtain
(2.11) (α, β)V =
∑
k,s
αk,sβk,s,
where αk,s, βk,s are components of the forms α, β ∈ K(2).
We agree that in what follows, unless the limits of summation are specified, the
subscripts k, s always run over the set of values indicated in (2.9).
Taking into account (2.7), (2.10), we can written for a (p − 1)-form α ∈ K(2)
and p-form β ∈ K(2) the relation
(2.12) (dcα, β)V =< ∂V, α ∪ ∗β > +(α, δcβ)V ,
where
(2.13) δcβ = (−1)p ∗−1 dc ∗ β.
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Here ∗−1 is the operation inverse to ∗, i.e. ∗−1∗ = 1. If the form α ∪ ∗β vanishes
on the boundary ∂V , then Equation (2.13) defines the formally adjoint operator to
dc. Let ω = (u, v) be an 1-form (2.3). Then we have
(2.14) δcω =
∑
k,s
(−∆kuσk,s −∆svk,σs)xk,s.
We call the operator δc a discrete analog of the codifferential δ.
Therefore a discrete analog of the Laplace operator can be defined as follows
−∆c = δcdc + dcδc.
If ϕ is a 0-form, then −∆cϕ = δcdcϕ and we obtain at the point xk,s the difference
expression
< xk,s, −∆cϕ >= 4ϕk,s − ϕτk,s − ϕk,τs − ϕσk,s − ϕk,σs.
It should be noted that the definition of the inner product (2.11) turns the linear
space of forms over V into finite-dimensional Hilbert spacesH0, H1, H2 with bases
{xk,s}, {ek,s1 , ek,s2 }, {V k,s}, k = 1, 2, ..., N, s = 1, 2, ...,M , respectively. Thus we
can regard the operators dc, δc, ∆c over V as follow
dc : Hp → Hp+1, δc : Hp → Hp−1, ∆c : Hp → Hp,
where p = 0, 1, 2. It is convenient to suppose that H−1 = H3 = 0.
3. Discrete model of the magnetic Laplacian
Let a real-valued 1-form
A =
∑
k,s
(A1k,se
k,s
1 +A
2
k,se
k,s
2 ),
A1k,s, A
2
k,s ∈ R, be a discrete analog of the magnetic potential. We define the discrete
analog of the deformed differential (1.2) as follows
(3.1) dcA : H
0 → H1, ϕ→ dcϕ+ iϕ ∪A.
Taking into account (2.5), (2.6), we have
(3.2) dcAϕ =
∑
k,s
(
(∆kϕk,s + iϕk,sA
1
k,s)e
k,s
1 + (∆sϕk,s + iϕk,sA
2
k,s)e
k,s
2
)
.
As in the continual case (see (1.4)), we can identify the discrete magnetic potential
A with the multiplication operator
(3.3) A : H0 → H1, ϕ→ ϕ ∪ A.
Then we have
Aϕ =
∑
k,s
(ϕk,sA
1
k,se
k,s
1 + ϕk,sA
2
k,se
k,s
2 ).
Proposition 3.1. The formally adjoint operator A∗ : H1 → H0 acts on an
arbitrary 1-form ω = (u, v) as follows
(3.4) A∗ω =
∑
k,s
(A1k,suk,s +A
2
k,svk,s)x
k,s.
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Proof. Since the 1-form A ∈ H1 is real-valued by assumption, we have
(Aϕ, ω)V = (ϕ ∪ A, ω)V =< V, (ϕ ∪A) ∪ ∗ω >
=
∑
k,s
(
(ϕk,sA
1
k,s)uk,s + (ϕk,sA
2
k,s)vk,s
)
=
∑
k,s
ϕk,s(A1k,suk,s +A
2
k,svk,s) = (ϕ, A
∗ω)V .

Let us suppose that components αk,s of an arbitrary r-form α ∈ Hr, r = 0, 1, 2,
satisfy the following ”boundary conditions”:
(3.5) α0,s = ατN,s = 0, αk,0 = αk,τM = 0
for all k = 1, 2, ..., N, s = 1, 2, ...,M .
Proposition 3.2. Let components of ϕ ∈ H0, ω ∈ H1 satisfy Conditions (3.5).
Then
(dcAϕ, ω)V = (ϕ, δ
c
Aω)V ,
where
(3.6) δcAω = δ
cω − iA∗ω.
Proof. Note that Conditions (3.5) imply the relation < ∂V, ϕ∪∗ω >= 0 [3, p. 161].
Then from (2.12) we have
(dcϕ, ω)V = (ϕ, δ
cω)V .
Hence
(dcAϕ, ω)V = (d
cϕ+ iϕ ∪A, ω)V = (dcϕ, ω)V + i(ϕ ∪ A, ω)V
= (ϕ, δcω)V + i(ϕ, A
∗ω)V = (ϕ, (δ
c − iA∗)ω)V .

Thus the operator δcA : H
1 → H0 is the formally adjoint operator to the operator
dcA. Using (2.14), we can rewrite (3.6) in a ”pointwise” form:
< xk,s, δ
c
Aω >= −∆kuσk,s −∆svk,σs − i(A1k,suk,s +A2k,svk,s).
We have
ϕ ∪ δcω =
∑
k,s
ϕk,s(−∆kuσk,s −∆svk,σs)xk,s
=
∑
k,s
(ϕσk,suσk,s − ϕk,suk,s − ϕk,svk,s + ϕk,σsvk,σs)xk,s
+
∑
k,s
(ϕk,suσk,s − ϕσk,suσk,s + ϕk,svk,σs − ϕk,σsvk,σs)xk,s
= δc(ϕ ∪ ω) +
∑
k,s
(
(∆kϕσk,s)uσk,s + (∆sϕk,σs)vk,σs
)
xk,s.
It follows that
δc(ϕ ∪ ω) = ϕ ∪ δcω −
∑
k,s
(
(∆kϕσk,s)uσk,s + (∆sϕk,σs)vk,σs
)
xk,s.
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From this we immediately obtain the following discrete Leibniz rule for δcA:
δcA(ϕ ∪ ω) = (δc − iA∗)(ϕ ∪ ω) = δc(ϕ ∪ ω)− iA∗(ϕ ∪ ω)
= ϕ ∪ δcω − ϕ ∪ iA∗ω −
∑
k,s
(
(∆kϕσk,s)uσk,s + (∆sϕk,σs)vk,σs
)
xk,s
= ϕ ∪ δcAω −
∑
k,s
(
(∆kϕσk,s)uσk,s + (∆sϕk,σs)vk,σs
)
xk,s
(cf. [7, Sect. 2], where the corresponding Leibniz rule is given in the continual case).
Let us define the discrete magnetic Laplacian as
−∆cA = δcAdcA : H0 → H0.
Note that we assume that Conditions (3.5) are satisfied for any form ϕ ∈ H0. This
gives us the necessary extension of ϕ beyond H0 to consider the operator −∆cA as
above.
Using (3.1), (3.6), we have
−∆cAϕ = δcA(dcϕ+ iϕ ∪A)
= (δc − iA∗)dcϕ+ (δc − iA∗)(iϕ ∪A)
= −∆cϕ− iA∗dcϕ+ iδc(ϕ ∪ A) +A∗(ϕ ∪ A)
= −∆cϕ− iA∗dcϕ+ iδcAϕ+A∗Aϕ.(3.7)
Proposition 3.3. The operator −∆cA is self-adjoint, i. e.
(δcAd
c
Aϕ, ψ)V = (ϕ, δ
c
Ad
c
Aψ)V .
Proof. It is known (see [3, p. 163]) that under Conditions (3.5) the discrete Lapla-
cian −∆c = δcdc : H0 → H0 is self-adjoint. Using Propositions 3.1, 3.2, we obtain
(δcAd
c
Aϕ, ψ)V = (δ
cdcϕ, ψ)V − (iA∗dcϕ, ψ)V + (iδcAϕ, ψ)V + (A∗Aϕ, ψ)V
= (ϕ, δcdcψ)V + (d
cϕ, iAψ)V − (Aϕ, idcψ)V + (Aϕ, Aψ)V
= (ϕ, −∆cψ)V + (ϕ, iδcAψ)V − (ϕ, iA∗dcψ)V + (ϕ, A∗Aψ)V
= (ϕ, (−∆c + iδcA− iA∗dc +A∗A)ψ)V = (ϕ, −∆cAψ)V .

Using (3.1), we can write
(dcAϕ, d
c
Aψ)V = (d
cϕ, dcψ)V + (d
cϕ, iAψ)V
+ (iAϕ, dcψ)V + (iAϕ, iAψ)V .(3.8)
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Taking into account (2.5) and (2.11), we have
(dcϕ, Aψ)V =
∑
k,s
(
∆kϕk,s(ψk,sA
1
k,s) + ∆sϕk,s(ψk,sA
2
k,s)
)
=
∑
k,s
ϕk,s
(−∆k(ψσk,sA1σk,s)−∆s(ψk,σsA2k,σs))
+
∑
s
(
ϕτN,s(ψN,sA
1
N,s)− ϕ1,s(ψ0,sA10,s)
)
+
∑
k
(
ϕk,τM (ψk,MA
2
k,M )− ϕk,1(ψk,0A2k,0)
)
=
∑
s
(
ϕτN,s(ψN,sA
1
N,s)− ϕ1,s(ψ0,sA10,s)
)
+
∑
k
(
ϕk,τM (ψk,MA
2
k,M )− ϕk,1(ψk,0A2k,0)
)
+ (ϕ, δcAψ)V .
It follows that
(dcAϕ, d
c
Aψ)V =
∑
s
[
ϕτN,s
(
ψτN,s − ψN,s − iψN,sA1N,s
)]
−
∑
s
[
ϕ1,s
(
ψ1,s − ψ0,s + iψ0,sA10,s
)]
+
∑
k
[
ϕk,τM
(
ψk,τM − ψk,M − iψk,MA2k,M
)]
−
∑
k
[
ϕk,1
(
ψk,1 − ψk,0 + iψk,0A2k,0
)]
+ (ϕ,−∆cψ)V + (ϕ, iδcAψ)V − (ϕ, iA∗(dcψ))V + (ϕ,A∗Aψ)V .
Consequently, if the forms ϕ, ψ ∈ H0 satisfy Conditions (3.5), then we obtain
(3.9) (dcAϕ, d
c
Aψ)V = −
∑
s
ϕ1,sψ1,s −
∑
k
ϕk,1ψk,1 + (ϕ, δ
c
Ad
c
Aψ)V .
Theorem 3.4. For any form f ∈ H0 a solution of the equation
(3.10) −∆cAϕ = f
exists and is unique.
Proof. By virtue of the self-adjointness of the operator −∆cA it is enough to prove
the uniqueness of the solution. Assume that ϕ = ψ in Equation (3.9). Then we can
write
(3.11) (dcAϕ, d
c
Aϕ)V +
∑
s
|ϕ1,s|2 +
∑
k
|ϕk,1|2 = (ϕ,−∆cAϕ)V .
Using (2.5), (2.11), we get
(dcϕ, dcϕ)V =
∑
k,s
(|∆kϕk,s|2 + |∆sϕk,s|2),
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(dcϕ, iAϕ)V + (iAϕ, d
cϕ)V = i
∑
k,s
[
A1k,s
(
ϕk,s(∆kϕk,s)− (∆kϕk,s)ϕk,s
)]
+ i
∑
k,s
[
A2k,s
(
ϕk,s(∆sϕk,s)− (∆sϕk,s)ϕk,s
)]
,
(iAϕ, iAϕ)V =
∑
k,s
(
(A1k,s)
2|ϕk,s|2 + (A2k,s)2|ϕk,s|2
)
.
It is easy to check that
ϕk,s(∆kϕk,s)− (∆kϕk,s)ϕk,s = 2i
(
Im(ϕk,s)Re(∆kϕk,s)− Re(ϕk,s) Im(∆kϕk,s)
)
.
Substituting the last relations into (3.8) we obtain
(dcAϕ, d
c
Aϕ)V =
∑
k,s
[
|∆kϕk,s|2 + |∆sϕk,s|2 + (A1k,s)2|ϕk,s|2 + (A2k,s)2|ϕk,s|2
+2A1k,sRe(ϕk,s) Im(∆kϕk,s)− 2A1k,s Im(ϕk,s)Re(∆kϕk,s)
+2A2k,sRe(ϕk,s) Im(∆sϕk,s)− 2A2k,s Im(ϕk,s)Re(∆sϕk,s)
]
=
∑
k,s
[(
Re(∆kϕk,s)−A1k,s Im(ϕk,s)
)2
+
(
Im(∆kϕk,s) +A
1
k,s Re(ϕk,s)
)2
+
(
Re(∆sϕk,s)−A2k,s Im(ϕk,s)
)2
+
(
Im(∆sϕk,s) +A
2
k,s Re(ϕk,s)
)2]
.
Now let we take f = 0 in Equation (3.10). Then comparing the last equation
and (3.11), we obtain∑
k,s
[(
Re(∆kϕk,s)−A1k,s Im(ϕk,s)
)2
+
(
Im(∆kϕk,s) +A
1
k,s Re(ϕk,s)
)2
+
(
Re(∆sϕk,s)−A2k,s Im(ϕk,s)
)2
+
(
Im(∆sϕk,s) +A
2
k,s Re(ϕk,s)
)2]
+
∑
s
|ϕ1,s|2 +
∑
k
|ϕk,1|2 = 0.
It follows that ϕk,s = 0 for any k, s. Hence ϕ ≡ 0. 
This immediately implies the following statement:
Corollary 3.5. The operator −∆cA is positiv.
4. Approximation and limiting process
In this section we consider the relationship between the combinatorial objects
that we have described above and the corresponding continual objects. We will con-
struct some nonstandard approximation of the generalized solution of the Poisson
type equation
(4.1) −∆Aϕ = f,
where f ∈ L2(Ω). We will realize the scheme similar to that given in [3, Ch.3,
Sec.3].
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Let the domain Ω ∈ R2 be a rectangle with vertices (a1, b1), (a2, b1),
(a1, b2), (a2, b2), where 0 ≤ a1 < a2, 0 ≤ b1 < b2. We introduce a scale h setting
h = N−1(a2 − a1) =M−1(b2 − b1). Divide Ω by the following straight lines
x = a1 + kh, y = b1 + sh, k = 0, 1, ..., N, s = 0, 1, ...,M.
We denote by xk,s the point of intersection of these lines. We denote by Vk,s an open
square bounded by the lines: x = a1+kh, y = b1+sh, x = a1+τkh, y = b1+τsh.
Let e1k,s and e
2
k,s be the horizontal and vertical sides of Vk,s, i. e. e
1
k,s = (xk,s, xτk,s),
e2k,s = (xk,s, xk,τs). In this way we identify the rectangle Ω with the combinatorial
domain V (2.9).
Let us now compare every discrete form ϕ ∈ H0 with the step function assuming
that
ϕh(x, y) = ϕk,s, for x, y ∈ Vk,s.
In the case of the 1-form ω = (u, v) ∈ H1 we have the pair of step func-
tions uh(x, y) = uk,s, v
h(x, y) = vk,s and we can write ω
h(, x, y) = uh(x, y)dx +
vh(x, y)dy. Recall that ϕk,s, uk,s, vk,s ∈ C for any k, s. Then ϕh, ωh are complex-
valued.
It is easy to check that
(4.2) ‖ϕh‖L2(Ω) = h‖ϕ‖H0 , ‖ωh‖L2Λ1(Ω) = h‖ω‖H1 .
Define difference operators acting on the step functions as follows
∆hxϕ
h(x, y) = h−1
(
ϕh(x + h, y)− ϕh(x, y)),
∆hyϕ
h(x, y) = h−1
(
ϕh(x, y + h)− ϕh(x, y)).
Replacing the partial derivatives ∂
∂x
, ∂
∂y
appearing in d, δ by the difference op-
erators ∆hx, ∆
h
y , we can introduce the difference operators d
h, δh. The difference
equation
(4.3) dhϕh = ωh
is equivalent to the following family of equations
∆kϕk,s = huk,s, ∆sϕk,s = hvk,s,
where k = 0, 1, ..., N, s = 0, 1, ...,M. Hence Equation (4.3) can be rewritten as the
following discrete equation
dcϕ = hω,
where ϕ, ω are discrete forms (see (2.3)) with the components ϕk,s and uk,s, vk,s,
respectively. Similarly, we associate the difference equation δhωh = ϕh and the
discrete equation δcω = hϕ.
We can also introduce the following difference operator
(4.4) dhAh = d
h + iAh,
where Ah = A1hdx+A2hdy and A1h, A2h are real-valued step functions defined as
above. On the other hand, we can consider the step 1-form Ah as the multiplication
operator Ah : L2(Ω)→ L2Λ1(Ω) acting as follows
Ahϕh = ϕhA1hdx+ ϕhA2hdy.
Then the formally adjoint operator to Ah (cf. (3.4)) acts on a step 1-form ωh =
(uh, vh) as
(Ah)∗ωh = uhA1h + vhA2h.
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Thus we define the difference magnetic Laplacian (cf. (3.7)) by the formula
(4.5) −∆hAh ≡ δhAhdhAh = δhdh − i(Ah)∗dh + iδhAh + (Ah)∗Ah.
Now we consider the discretization procedure (see for details [3, p. 170]). Let
f(x, y) be a complex-valued function defined over Ω (or over V =
∑
Vk,s) and let
f ∈ L2(Ω). Associate f with the step function fh setting
(4.6) fh(x, y) = h−2
∫
Vk,s
f(ξ, η)dξdη, for x, y ∈ Vk,s.
Moreover, the value of fh can be assigned to the point xk,s. As above, we can write
fh(x, y) = fk,s for x, y ∈ Vk,s. Thus we obtain the discrete 0-form f̂ =
∑
fk,sx
k,s
which is associating with f ∈ L2(Ω). Similarly, if f is an 1-form, f ∈ L2Λ1(Ω),
then we associate each component of f with the step function (4.6) and we assign
the value of it to one of the intervals e1k,s or e
2
k,s.
Let us introduce the norm
‖ ϕh ‖2W (Ω)=
∫
Ω
(|∆hxϕh|2 + |∆hyϕh|2)dxdy.
It is not difficult to verify that
(4.7) ‖ ϕh ‖2W (Ω)=
N∑
k=0
M∑
s=0
(|∆kϕk,s|2 + |∆sϕk,s|2).
Hence we can write
‖ ϕh ‖W (Ω)=‖ ϕ ‖W (V ) .
Theorem 4.1. Let the step function fh be the discretization of f ∈ L2(Ω). Then
the following Dirichlet problem
(4.8) −∆hAhϕh = fh,
(4.9) ϕh|∂Ω = 0
has a unique solution and the inequality
(4.10) ‖ ϕh ‖W (Ω)< c1‖Re f‖L2(Ω) + c2‖ Im f‖L2(Ω)
is valid for the solution ϕh.
Proof. Using (4.5), Equation (4.8) can be rewritten as
(4.11) δhdhϕh − i(Ah)∗dhϕh + iδhAhϕh + (Ah)∗Ahϕh = fh.
By definition the step function ϕh and the step form Ah on Ω associated with the
discrete forms ϕ and A on V . As above, if we replace the difference operator dh, δh
by the discrete operator dc, δc, then Equation (4.11) transforms into the following
equation
(4.12) δcdcϕ− ihA∗dcϕ+ ihδcAϕ+ h2A∗Aϕ = h2f̂ ,
where f̂ is a 0-form defined by the step function fh (see (4.6)). Note that, if the
step function ϕh satisfies Condition (4.9), then the corresponding discrete form
satisfies Condition (3.5). Thus the unique solvability of (4.8), (4.9) immediately
follows from Theorem 3.4.
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Let now represent Equation (4.8) as follows
−∆hAh Reϕh = Re fh, −∆hAh Imϕh = Im fh.
In a similar way we can split Equation (4.12).
Since
(dcα, iAα)V + (iAα, d
cα)V = 0
for any real-valued discrete form α ∈ H0 it follows that from (3.7), (3.11) we obtain
‖dcReϕ‖2H1 +
∑
s
(Reϕ1,s)
2 +
∑
k
(Reϕk,1)
2 + h2‖AReϕ‖2H1 = h2(Reϕ, Re f̂)V .
It immediately follows that
‖Reϕ‖2W (V ) < h2(Reϕ, Re f̂)V = h2
∑
k,s
Reϕk,s Re fk,s.
Hence, using (4.2), we have
(4.13) ‖Reϕh‖2W (Ω) < ‖Reϕh‖L2(Ω)‖Re fh‖L2(Ω).
It is easy to check the following estimates
‖Reϕh‖L2(Ω) ≤ ‖Reϕh‖W (Ω), ‖Re fh‖L2(Ω) ≤ c1‖Re f‖L2(Ω)
(see for details [3, Ch.3, Theorem 5]). Combining the last with (4.13), we obtain
(4.14) ‖Reϕh‖W (Ω) < c1‖Re f‖L2(Ω).
Similarly we obtain the estimate
(4.15) ‖ Imϕh‖W (Ω) < c2‖ Im f‖L2(Ω).
Finally since
‖ϕh‖W (Ω) ≤ ‖Reϕh‖W (Ω) + ‖ Imϕh‖W (Ω)
Estimates (4.14), (4.15) imply (4.10). 
Let us now consider the limiting process. As in [3, Ch.3], by the step function
ϕh we construct the smooth (i.e. of the class C1) function Jhϕh. It is convenient
to take Jhϕh in the form
Jhϕh(x, y) = h−2
x+h∫
x
y+h∫
y
ϕh(ξ, η)dξdη.
This is the well known Steklov function with the averaging radius equal to the
parameter h (the scale of the net). We can also define the 1-form JhAh ∈ Λ1(1)(Ω)
as
JhAh(x, y) = JhA1h(x, y)dx + JhA2h(x, y)dy.
Denote by W˙ 1(Ω) the Sobolev space of complex-valued function which satisfy
the homogeneous Dirichlet condition.
Let us consider some sequence {hn} such that hn → 0 as n → +∞. For conve-
nient further we will write h instead hn.
Let A ∈ Λ1(1)(Ω) in the operator −∆A. We have the statement.
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Theorem 4.2. Let a step function ϕh be the solution of the Dirichlet problem (4.8),
(4.9) for the given element f ∈ L2(Ω). Then the sequence {ϕh} strongly converges
in L2(Ω) to the element ϕ ∈ W˙ 1(Ω) as h → 0, where ϕ is the generalized solution
of the corresponding Dirichlet problem for Equation (4.1). At the same time the
sequence {Jhϕh} converges to ϕ in the metric W˙ 1(Ω).
Proof. Based on Theorem 4.1, the proof is similar to that of Theorem 5 [3, ch.3]. 
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